The problem of inverse ray tracing in a homogeneous anisotropic elastic solid is considered. The wave speeds in the solid are assumed unknown, and must be obtained in the course of the inversion. The specific problem of locating a crack tip in a two-dimensional geometry is investigated. The data are assumed to be in the form of travel times of diffracted ultrasonic signals between transducers positioned on an exterior surface of the solid. Both pulse-echo and pitchcatch data are considered. It is found that travel-time data on the exterior surface suffices to locate the crack tip only if the material is isotropic. If the material is anisotropic, we must be able to move the source and/or receiver in the direction normal to the surface. The same problem is considered with the source and receiver positioned in a surrounding isotropic material, e.g., a water bath. It is shown that the ray inversion is now possible only if the solid is isotropic, the problem being underdetermined for an anisotropic solid. This indicates that the problem of inverse ray tracing, in the context of crack sizing, is not possible in a medium which is both inhomogeneous and anisotropic. Numerical results are presented for a synthetic experiment in which a finite crack is present in some transversely isotropic homogeneous elastic solids. It is demonstrated that an initial presumption of isotropy can lead to very erroneous results.
INTRODUCTION
The problem of inferring the size and location of cracks in metals is of great importance in nondestructive evaluation. Both low-and high-frequency ultrasonic methods have been considered for the corresponding inverse scattering problem. In this paper we assume that the scattering is in the high-frequency regime, i.e., that the scattered signals propagate along rays.
• The ray paths in a homogeneous anisotropic elastic solid are straight lines. However, certain distinctions must be made between the actual signal velocity and the corresponding phase velocity. {Note: by velocity we mean a vector quantity, its magnitude is the speed.} The signal velocity, also known as the group velocity or energy propagation velocity, is the more important quantity, although for linear elasticity the phase velocity is easier to determine. 2 Generally the two velocities are not equal. It may be shown that they are equal if they are parallel, or if the speeds are equal. We note that the distinctions of velocities is redundant in isotropic solids. Additional complications occur when the signal velocity is locally concave in a given direction, giving rise to the phenomenon of conical refraction? However, even in this case it can be shown 4 that discontinuities propagate in straight lines with the corresponding signal velocity. The direct scattering of elastic waves by cracks has been studied extensively. In the high-frequency regime, i.e., when the incident wavelength is small compared with the characteristic dimensions of the crack, it can be shown that the major contribution to the scattered field comes from certain "flash points" on the crack edge. These flash points may be predicted by the geometrical theory of diffraction as applied to elastic waves. For more details we refer the reader to Ref.
Ultrasonic experiments on the scattering of elastic waves by cracks have confirmed the existence of such flash points.
The purpose of this paper is to find the necessary and sufficient conditions for finding a flash point in an anisotropic elastic medium whose anisotropy is not known a priori. The experimental procedure envisaged is as follows: a source transducer S emits a signal, which is diffracted at the flash point F and subsequently is observed by the receiver transducer Q. The scattering may be pulse-echo, in which ease the source and receiver are identical, or pitch-catch, when separate source and receiver are used. It is assumed in either case that the travel time of the diffracted signal can be measured.
We begin with the simplest configuration, where the scattering is PUlse-echo and the source-receiver S is positioned on an exterior surface of the material which is assumed homogeneous. We consider the different situations where the material is isotropic or anisotropic, and the wave speeds are known or not known a priori. Next, we treat the same problem when the scattering is pitch-catch. The situation is now more complicated than for pulse-echo, since there are two ray paths present instead of one. We also consider the case when pitch-catch and pulse-echo data are available simultaneously. Some examples ofinverse ray tracing using synthetic data are presented in Sec. IV.
It is common practice in ultrasonic experiments to position the transducers in a water bath surrounding the specimen. The ray tracing must now account for the fluid-solid interface. In Sec. III we consider the fluid-solid configuration and note some interesting consequences for the inverse ray tracing problem in anisotropic inhomogeneous media.
First we state a basic result which will be utilized in later sections.
I. A RESULT BASED ON FERMAT'S PRINCIPLE
In a dispersionless medium, high-frequency signals propagate along rays which satisfy Fermat's Principle. Thus the diffracted rays describe curves in space which make the travel time from source to receiver stationary with respect to all neighboring curves. This is just the well-known correspondence between high-frequency signals and wave fronts.
In a homogeneous anisotropic elastic medium the rays are straight lines and the number of wave speeds in a given direction p, IPl -1, is equal to the number of sheets of the wave surface in that direction, e.g., two if the material is isotropic. Now suppose that a scatterer (e.g., a crack} is present in the material and consider the diffracted ray from the source $ via the flash point F to the observer Q. The associat- 
with equality only if the material is (locally) isotropic.
II. RAY TRACING IN A SOLID ONLY
As discussed before, there are two arrangements possible in order to generate a sinDe piece of scattering data: the pulse-echo or the pitch-catch arrangement. We first consider pulse-echo data. To further simplify the problem, the geometry is taken as two dimensional. This could correspond to a transversely isotropic material in which all rays propagate in a plane containing the axis of symmetry. 
and the other quantities follow simply. 
All of the above problems requiring pitch-catch data can be simplified a great deal if we also have simultaneous access to pulse-echo data.
C. Pulaa-•ho and pitoh-catch data
The same geometry as for pitch-catch problem is considered, see Fig. 2 . The only difference is that now the source also acts as a receiver, able to measure the time delay of the diffracted ray from S to F and back to $ again. The pulseecho diffracted signal is assumed not to be mode converted, so that it propagates with the same speed on the two rays $ (2lb), (22a), (22b), (25), (26), (35a), and (35b) . Note that we have not required second derivatives of T, making Eqs. (23) and (24) (C) The isotropic solution with only one wave speed, Eq.
(36), for which only one x derivative is needed.
In Fig. 4 we have plotted the error, defined as the distance between the estimated tip and the actual tip (0,1), as a function of shift distance h for four different anisotropies. Beryllium was chosen as an example of slight anisotropy, while zinc and cadmium are highly anisotropic. The isotropic case is shown for comparison. We note that the exact method exhibits a linear error growth in all examples. It is to be noted that method C, which uses the least amount of information, gives almost the same results as method B.
In Fig, 5 we have plotted the estimated crack length and orientation, the exact values being 0.5 ø and 45 ø, respectively. 
